PACS 05.30.-d -Quantum statistical mechanics PACS 05.70.Ln -Nonequilibrium and irreversible thermodynamics Abstract -We show that typicality holds for a class of nonequilibrium systems, i.e., nonequilibrium steady states (NESSs): almost all the pure states properly sampled from a certain Hilbert space well represent a NESS and characterize its intrinsic thermal nature. We clarify the relevant Hilbert space from which the pure states are to be sampled, and construct practically all the typical pure NESSs. The scattering approach leads us to the natural extension of the typicality for equilibrium systems. Each pure NESS correctly yields the expectation values of observables given by the standard ensemble approach. It means that we can calculate the expectation values in a NESS with only a single pure NESS. We provide an explicit construction of the typical pure NESS for a model with two reservoirs, and see that it correctly reproduces the Landauer-type formula for the current flowing steadily between the reservoirs.
Introduction. -Recently, the typicality of pure states of large quantum systems has been attracting considerable attentions for the foundations of statistical mechanics. It has been shown that the partially reduced states of the overwhelming majority of the pure states in an energy shell of a large quantum system look similar to each other, and well approximate the canonical state ("canonical typicality"), for which the importance of a large entanglement in each typical pure state of the whole system is stressed [1, 2] (see also [3, 4] ). It has been also pointed out that a similar typicality already holds for the whole system: almost all the pure states in the energy shell of the whole system give the expectation values of an observable very close to that evaluated in the microcanonical state [5] [6] [7] . Such intrinsic thermal nature of typical pure states enables us to analyze mechanical and thermodynamical quantities [8, 9] and their fluctuations, especially the probability distributions [10] , by only a single pure state. The equilibration/thermalization [11] [12] [13] [14] [15] [16] , the temporal fluctuation around equilibrium [17] , and the relaxation time [18, 19] have also been discussed for large quantum systems on the basis of the typicality arguments, which would be relevant to the experimentally observed emergence of thermal correlations in an isolated cold atomic gas [20] . Instead of the statistical ansatz such (a) E-mail: monnai@suou.waseda.jp (b) E-mail: yuasa@waseda.jp as a priori equal probabilities of energy eigenstates and the erogodicity hypothesis, the quantum spectral fluctuation provides alternative probabilistic properties necessary for the statistical mechanics.
These extraordinary achievements for typical pure states being at hand, it is natural to expect that the typicality holds also for nonequilibrium systems. As a first step, we are going to focus on nonequilibrium steady states (NESSs) [21] [22] [23] [24] [25] [26] [27] [28] . Needless to say, the NESSs are of both practical and fundamental importance: they are of course relevant to the DC conductivity [29] , and include interesting topics such as the long-range correlations in the NESSs [30] . On the other hand, the universal properties of the NESSs are less understood [23, 30] compared with those of equilibrium systems. In addition, it is not clear whether the typicality holds for NESSs and how to construct typical pure states representing NESSs if any.
In this paper, we give an answer to this last question. We provide a construction of practically all typical pure NESSs. Our idea is to reduce the problem for the nonequilibrium situation to that for the equilibrium through the Lippmann-Schwinger scattering theory [31, 32] : we "scatter" a typical pure state representing an equilibrium state to generate a typical pure NESS. We show that it actually gives the same expectation value as the standard ensemble approach. For concreteness, we investigate the simplest model for a quantum transport, and give an explicit construction of a typical pure NESS.
p-1
Typicality for equilibrium systems. -Let us first recapitulate an aspect of the typicality for equilibrium systems, relevant to the following discussion. We consider a large quantum system, and an energy shell H E spanned by the energy eigenstates {|E i } belonging to the energies between E and E + ∆E. The energy width ∆E is supposed to be small, but the system is so large that the energy shell H E contains many energy eigenstates {|E i }, i.e., d = dim H E is large. We then pick a pure state [1, 2, [5] [6] [7] [8] 
randomly from the energy shell H E , i.e., the complex coefficients {c i } are chosen from the uniform distribution on the surface of the 2d-dimensional unit sphere
, according to the Haar measure. Such a single pure state |ψ typically well represents the microcanonical ensemble on the energy shell H E : almost all the pure states |ψ on the energy shell H E give the expectation values ψ|Â|ψ of an observableÂ close to the expectation value Â mc = Tr{ρ mcÂ } in the microcanonical ensemblê
More rigorously, the probability of ψ|Â|ψ deviating from Â mc is bounded, for any positive K, by
where (∆Â) 2 mc = Â 2 mc − Â 2 mc . Roughly, it means that the error is typically O((∆Â) mc / √ d) [10] . This is valid even for an unbounded operatorÂ as long as the microcanonical variance (∆Â) 2 mc is under control. Each typical pure state |ψ on the energy shell H E well describes the thermal equilibrium state of the system.
Note that we do not put the system in contact with an "environment." Such an external agent is not necessary for the typicality and for the equivalence with the microcanonical state [5] [6] [7] [8] . If we divide the system into two parts and take the partial trace over one of them, all the reduced states of the typical pure states in the energy shell H E of the total system are very close to a canonical state. It is called "canonical typicality" [1, 2] (see also [3, 4] ). We are not going to discuss this in this paper: we will not have an environment and will not take a partial trace.
The objective of the present paper is to extend this typicality argument to a nonequilibrium situation, i.e., to NESS. At first glance, it is not clear from which subspace we should sample pure states. Moreover, there is no clear clue whether the typicality holds also for nonequilibrium systems. For NESSs, nonetheless, we will clarify that the typicality actually holds: we will identify the relevant subspace and construct practically all pure NESSs. 
where HE L and HE R are the energy shells around EL and ER in the Hilbert spaces of reservoirs L and R, respectively.
Nonequilibrium steady state (NESS). -The simplest setup for discussing the NESS is shown in Fig. 1 (a) [21] [22] [23] [24] [25] [26] [27] [28] [29] . 1 We have two reservoirs L and R, one at temperature T L with chemical potential µ L and the other at T R with µ R . Connecting them via a weak link, a current starts to flow between them. This can be described in the following natural way [21] [22] [23] [24] [25] [26] [27] [28] [29] : we let the whole system evolve from the initial stateρ L ⊗ρ R by a Hamiltonian
whereĤ L andĤ R are the Hamiltonians of the reservoirs L and R, respectively, with a weak local interactionV which transfers particles between the two reservoirs.ρ L andρ R represent the thermal equilibrium states of the reservoirs L and R, respectively, with the relevant temperatures and chemical potentials. Usually, the grand canonical ensemblesρ
with β L(R) being the inverse temperature,N L(R) the number of particles in reservoir L(R), and Ξ L(R) the grand canonical partition function. If the two systems L and R are large but of finite size, the whole system eventually reaches an equilibrium state with the two systems at the same temperature. Here, instead, we are interested in infinitely large systems as L and R, and the thermodynamical limit will be taken. Then, in the long-time limit, the system reaches a NESS, in which a current flows steadily. We are going to discuss such NESSs [21] [22] [23] [24] [25] [26] [27] [28] [29] .
Mathematically the state e −iĤt (ρ L ⊗ρ R )e iĤt does not converge in general (more rigorously, the expectation values of observables in this state would not converge) in the long-time limit t → ∞. The mathematically well-defined construction of NESS instead is given by [21, [23] [24] [25] [26] 
with the Møller wave operator [31, 32] 
The very rough idea is to remove the free oscillations by e iĤ0t to ensure the convergence in the long-time limit. In the context of a scattering problem, the wave operatorΩ transforms incident plane waves to the scattering states satisfying the Lippmann-Schwinger equation under the outgoing boundary condition. In the present context, the free stateρ L ⊗ρ R ofĤ 0 as the incident state is transformed into a scattering state byΩ, which is the NESS. We are interested, in particular, in the current between the two reservoirs. We compute the expectation value of the current operator (see the example below), which approaches a well-defined stationary value in the long-time limit: the current flows steadily, and this is a NESS.
There might exist some pathological system for which the long-time limit in (6) does not exist. In the following, we exclude such an exceptional case and assume the existence of a well-defined NESS.
Construction of typical pure NESSs. -Having seen the above approach to the NESS, we are led to the following natural way for constructing typical pure NESSs. The basic idea is to sample a typical pure state representing the thermal equilibrium statesρ L andρ R of the reservoirs, and "scatter" it by the wave operatorΩ.
More specifically, we take a subspace H EL,ER = H EL ⊗ H ER in the Hilbert space of the total system, where H E L(R) is the energy shell around the energy E L(R) of reservoir L(R) with a small energy width ∆E, spanned by the energy eigenstates {|E (L(R)) i } in the energy range [see Fig. 1 
2 We then pick a pure state |φ randomly from the subspace H EL,ER with respect to the Haar measure, and define
Our main result is that the pure state |φ ∞ constructed in this way is a typical pure NESS in the well-defined thermodynamical limit. That is, almost all the pure states |φ ∞ sampled in this way give the expectation values ∞ φ|Â|φ ∞ close to the expectation value Â NESS = Tr{ρ NESSÂ } evaluated withρ NESS given in (5),
2 For the discussion of the typicality, we assume the volumes of the reservoirs to be large but finite, so that d L(R) are finite. The thermodynamical limit is to be taken later, after the expectation values of observables are computed. Note that the long-time limit in (6) requires a continuous spectrum. This limit is understood to be taken after the large-volume limit. Before it, the time t is kept sufficiently large but finite. Note also that the current remains finite in the thermodynamical limit since it flows by a local interactionV .
Note that |φ ∞ is invariant under the time evolution up to a global phase, since e −iĤτΩ |φ =Ωe −iĤ0τ |φ holds for an arbitrary τ [32] and |φ is approximately an eigenstate ofĤ 0 due to the assumption of the small energy width ∆E. Thus, the expectation values in |φ ∞ are stationary.
Before proving the typicality of |φ ∞ , it is important to point out the following fact. One distinguished characteristics of NESS, in contrast to equilibrium cases, is that it is endowed with multiple different temperatures and chemical potentials, or in other words, it is characterized by multiple different energy scales. We basically intend to take a typical pure state |φ representing the product of the two thermal equilibrium statesρ L ⊗ρ R as the initial state, but our sampling is not performed separately for H EL and H ER . Each initial state |φ is sampled from H EL,ER , which in general is not of the product structure, but rather entangled,
It still typically represents the product stateρ L ⊗ρ R , as we will see below. This is an important point. We are exploring the whole of the subspace H EL,ER characterized by the two intrinsic energy scales E L and E R . Then, through (7), which establishes an isometric construction of the pure NESSs |φ ∞ expressed as scattering states, practically all pure NESSs are at our hand.
3
Typicality of pure NESSs. -The proof of the typicality of the pure NESSs |φ ∞ consists of two steps. The first step is to show
where E[ · · · ] represents the ensemble average over the uniformly sampled |φ with respect to the Haar measure in
| is the microcanonical ensemble for the thermal equilibrium state of reservoir L(R). We abbreviate it to Tr{(ρ
Due to the equivalence among the microcanonical, canonical, and grand canonical ensembles in the thermodynamical limit, 4 the above microcanonical average Ω †ÂΩ mc well coincides with the grand canonical average Tr{(ρ (8) usually computed in the literature. We then see that the variance is bounded by
3 The wave operatorΩ is not unitary in the presence of nondecaying bound states {|φ B,i } [31, 32] . Indeed,Ω †Ω = 1 but ΩΩ † = 1 − i |φ B,i φ B,i |. Equation (7) further shows that |φ ∞ = (1 − i |φ B,i φ B,i |)|φ ∞ . This means that the pure NESS |φ ∞ constructed by (7) is necessarily a scattering state. For the discussion of NESSs, it is reasonable to exclude the superpositions of energetically separated scattering and bound states.
, and that it shrinks as D → ∞, ensuring the typicality (8) .
The crucial observation is that, thanks to the introduction of the wave operatorΩ, the expectation value ofÂ in the NESS is translated into the expectation value ofΩ †ÂΩ in the double thermal equilibrium state. Therefore, we can easily extend the standard arguments for equilibrium systems [5] [6] [7] to the present discussion for NESSs. One subtle nontrivial point is the entanglement in (9) to represent the product of the two thermal equilibrium statesρ L ⊗ρ R . It is however not a difficult problem.
Here comes the proof of the typicality of the pure NESSs |φ ∞ . The key formulas are available by generalizing those for equilibrium cases with the single-index coefficients {c i } in (1) to the multi-index coefficients {c ij } in (9) . The Haar measure is proportional to δ(
while the others up to the fourth moments of c ij vanish. Using these formulas, we get for any operatorÂ
A ij,ij = Â mc (13) and
where
) are the matrix elements ofÂ. ReplacingÂ byΩ †ÂΩ , these yield (10) and (11) . Then, the typicality of |φ ∞ and (8) are proved for large D, if the microcanonical variance (∆(Ω †ÂΩ )) 2 mc does not scale badly in the thermodynamical limit. One of the interesting and important quantities in the discussion of NESS is the current flowing between the reservoirs. The microcanonical variance of the current remains finite in the thermodynamical limit, since it is an intensive quantity. See the example in the next section.
Example. -Let us look at an example. We take [29] 
for the Hamiltonians in (4), for the two weakly coupled reservoirs L and R [recall also Fig. 1(a) ]. Here,â ω and b ω are the canonical annihilation operators for the particles in reservoirs L and R, respectively. The following calculation is valid for both fermionic and bosonic cases. Without loss of generality, we assume that the density of states is common for L and R and the dispersion relations are linear. The particles in one reservoir are transferred to the other by the tunneling HamiltonianV . The matrix elements ofV are characterized by g ω,ω ′ , whose finite and nonvanishing width in ω and ω ′ ensures the locality of the tunneling and regulates the momentum transfer in the tunneling process. This locality is important for the current to be finite in the thermodynamical limit. Reservoir L is initially prepared at temperature T L and chemical potential µ L , while reservoir R at T R and µ R , whose energies are given by E L and E R , respectively. In the long-time limit, the system approaches a NESS, in which a particle current flows between the two reservoirs steadily.
In the mathematical treatment, the energies E L and E R of the reservoirs are infinite in the thermodynamical limit. It is implicitly assumed that we start with finite systems, and take the thermodynamical limit later, after the expectation value of an observable, e.g., of the current, is computed. Note also that the long-time limit for Ω in (6) should be taken after the large-volume (continuum) limit. See Footnote 2 above (7) again. Keeping these subtle points in our minds, we loosely write integrals and delta functions in the following formulas. Mathematically rigorous treatment, e.g., based on the C * -algebraic approach [21] [22] [23] [24] [25] [26] , should be discussed elsewhere. Anyway, what is crucially important is the fact that the expectation value and the variance of the current operator in the microcanonical state are finite in the thermodynamical limit and in the long-time limit, which we already know from the standard ensemble approach to this problem [29] .
Let us construct the typical pure NESS (7) for the present setting. We sample a typical pure state |φ from H EL,ER , which is given in the form (9) , with |E (L(R)) i being the eigenstates ofĤ L(R) , whose energies lie within the energy shell [E L(R) , E L(R) + ∆E]. They are actually given by the superpositions of Fock states. We then apply the wave operatorΩ to construct a typical pure NESS |φ ∞ .
We do it perturbatively with respect to the weak interactionV . To this end, it is convenient to recall the perturbative expansion for the wave operatorΩ. The wave operatorΩ in (6) can be alternatively defined bŷ Ω = lim η↓0 η ∞ 0 dt e −ηt e −iĤt e iĤ0t [31] , which will coincide in the large-volume limit with the originalΩ defined in (6) , knowing that the long-time limit in (6) exists. The limit η ↓ 0 should be taken after the large-volume limit.
The wave operatorΩ defined in this way is cast intô
and the Dyson expansion of 1/(Ĥ − E − iη) yields the perturbative expansion ofΩ aŝ
The higher-order terms describe multiparticle processes. Using this formula for our model (15)- (16), we compute |φ ∞ up to the first order inV . The typical pure state |φ in (9) consists of the eigenvectors |Ψ(E L + E R + ε i ) of H 0 belonging to the eigenvalues E L + E R + ε i , where ε i accounts for the energy relative to E L +E R . In the present case, the eigenstates are the superpositions of Fock states, and are quite degenerated in general. We distinguish the degenerated eigenstates with different i's. Similarly, the vectorsâ † ω |φ (b † ω |φ ) andâ ω |φ (b ω |φ ) are composed of the eigenvectors belonging to the eigenvalues E L + E R + ε i + ω and E L + E R + ε i − ω, respectively. Therefore, applying (18) 
Notice that E L + E R + ε i , which are infinitely large in the thermodynamical limit, have disappeared.
Let us evaluate the current in this pure NESS. The current is defined by the number of particles entering in reservoir R per unit time [29] , Here, we apply the typicality of |φ proved by (13)- (14) and the equivalence between the microcanonical and the grand canonical ensembles for large systems:
with f L(R) (ω) = 1/(e β L(R) (ω−µ L(R) ) ± 1) for fermions (upper signs) and bosons (lower signs). Even though the bosonic canonical operators a ω and b ω are unbounded operators, the typicality holds, since the relevant microcanonical variances are finite. Recall (14) . 6 Then, the expectation value of the current (21) is reduced to
where we have taken the thermodynamical limit and used 1/(x − iη) = P(1/x) + πi δ(x). This reproduces the Landauer-type formula derived by the ensemble approach [29] . The current flows with the difference between the Fermi/Bose distributions f L (ω) and f R (ω) of L and R.
Summary. -We have successfully constructed a class of typical pure states {|φ ∞ } which describe a NESS. We just sample initial pure states randomly from H EL,ER = H EL ⊗ H ER to representρ L ⊗ρ R , and then "scatter" them to get a set of pure states, each of which describes the NESS, since the statistical error vanishes in the thermodynamical limit. In this way, the typicality of equilibrium states naturally amounts to the typicality of NESSs.
The thermodynamical structures of NESSs have been explored, e.g., by informational [30, 37] and dynamical approaches [23, 27] . The informational statistical mechanics suggests that NESSs can be characterized by the principle of maximization of an entropy under a constrained current [37] . However, its applicability is restricted due to the omission of higher-order fluctuations. By using the Gibbsian state as the initial state, any higher-order fluctuations of current are fully taken into account [23, 27, 28, 38, 39] . The typicality of pure NESSs allows us to relax the assumption of the initial Gibbsian state. The equivalence (8) holds also for the variance and the higher-order fluctuations of the current. Note however that, if we look at all the moments of the current at the same time, we acquire enough knowledge about the state to discriminate it from other pure NESSs and we lose the typicality: we should not look at too many moments. See [5] [6] [7] . It remains an important issue to be clarified better how many observables we can look at without losing the typicality.
Another interesting subject is the typicality under symmetry breaking. If we think of a generic many-body system, it might exhibit condensation at low temperatures. When a symmetry of a system is spontaneously broken, the naive random sampling from energy shells would not work, since in that way we might typically pick a superposition of states belonging to different phase sectors, which is not observed in real experiments. The typicality approach to statistical mechanics in the presence of symmetry breaking is an interesting and important future subject. An aspect relevant to this issue is discussed in [40] . 
